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Abstract. We classify the polynomials f(x,y) S such that given any 

finite set A C M if \A + A\ is small, then \f(A, A)\ is large. In particular, the 
following bound holds : \A + A\\f(A,A)\ > \A\ 5/2 . The Bezout's theorem and a 
theorem by Y. Stein play important roles in our proof. 



1. INTRODUCTION 

The sum-product problems have been intensively studied since the work by Erdos 
and Szemeredi [6] that there exists c > such that for any finite set AcZ, one has 

max(\A + A\,\A-A\) > \A\ 1+C . 

Later, much work has been done either to give an explicit bound of c or to give a 
generalization of the sum-product theorem. One of the important generalizations 
is the work by Elekes, Nathanson and Ruzsa [5] who showed that given any finite 
set Ac 1, let f be a strictly convex ( or concave ) function defined on an interval 
containing A. Then 

m a x(\A + A\,\f(A) + f(A)\)>\Ap\ 

Taking f(x) = logx recovers the sum-product theorem mentioned above by Erdos 
and Szemeredi. An analogous result in finite field ¥ p with p prime was proven in 
2004 by Bourgain, Katz and Tao [3] that if p s < \A\ < p 1 ^ 6 , for some 5 > 0, then 
there exists e = e(8) > such that 

max{\A + A\,\A- A\) > \A\ 1+e . 

This remarkable result has found many important applications in various areas ( 
see [1], [2] for further discussions ). Recently, Solymosi ([8]) applied spectral graph 
theory to give a similar result mentioned above by Elekes, Nathanson and Ruzsa 
showing that for a class of functions /, one has the following bound. 

max(|A + B\, \f(A) + C\) > min(|A| 1/2 g 1/2 , \A\\B\ 1/2 \C\ 1/2 q- 1/2 ), 

for any A,B,C C ¥ q . This was further studied by Hart, Li and the author [7] using 
Fourier analytic methods showing that for suitable assumptions on the functions / 
and g, one has the bound. 

max(|/(A) + B\, \g(A) + C\)> mind^/y^ ^WB^C^q- 1 ' 2 ). 
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A natural and important question one may ask is to classify two variables polyno- 
mials f(x,y) G ¥[x, y] such that when \ A + A\ is small, then \ f(A, A)\ is large. This 
problem was first raised and studied by Vu in [11]. Considering A an arithmetics 
progression shows that if f(x,y) is linear then + and \f(A, A)\ can be small at 
the same time. More generally, if f(x,y) = Q(L(x,y)), where L(x,y) is linear and 
Q is a one variable polynomial, then again \A + A\ and \ f(A, A)\ can be small at 
the same time. This consideration reveals that if f(x,y) is not like Q(L), we should 
have \f(A, A) \ is large when \A + A\ is small. Indeed, this was confirmed by Vu [11] 
using spectral graph theory showing that if f(x, y) can not be written as Q(L(x, y)), 
then one has the following bound. 

max(|A + A\, \f(A, A)\) > min(|,4| 2 /y/ 3 , \A\ 3 / 2 q~^ 4 ), 

for any A c¥ g . This was also the first time using spectral graph theory to study the 
incidence problems ( see [7], in which Fourier analytic methods were given to reprove 
the results by Vu). However this result is only effective when \A\ > q 1 ^ 2 . Therefore 
it turns out that if one wants to extend this result to the real setting, new tools 
are required. As observed by Elekes [4], the sum-product problems have interesting 
connections to the problems in incidence geometry. In particular, he applied the 
so-called Szemeredi- Trotter theorem to show that one can take c = 1/4 in the 
above Erdos-Szemeredi's sum-product theorem. Indeed, in this paper we apply a 
generalization of Szemeredi- Trotter theorem by Szekely [9] to establish an analogous 
result in the reals. Namely, given non-degenerate polynomial f(x,y) G R[x,y] (see 
section 2 for the definition), then for any finite set A C H. one has the following 
bound. 

m^(\A + A\,\f(A,A)\)>\A\ 5 /\ 

One may find the difficulties come from the reducibilities of the polynomials f(x, y), 
and this is how the Bezout's theorem and a theorem by Y. Stein concerning the 
reducibility of a multi-variables polynomial come into our proof. 

2. Algebraic Preliminaries 

Given quantities X and Y we use the notation X < Y to mean X < CY, where 
the constant C is universal (i.e. independent of A). The constant C may vary from 
line to line but are universal. It is also clear that when one of the quantities X and 
Y has polynomial f(x,y) involved, the constant C may also depend on the degree 
of /. We now state some definitions and give some preliminary lemmas. The first 
two definitions can be found in [11] and [10] respectively. For the convenience of the 
reader, we state the definitions here. 

Definition 2.1. A polynomial f(x,y) G M.[x, y] is degenerate if it can be written as 
Q(L(x,y)) where Q is a one- variable polynomial and L is a linear form in x, y. 

Definition 2.2. A polynomial f(x,y) G C[x, y] is composite if it can be written as 
Q(g(x,y)) for some g(x,y) G C[x,y], and some Q(t) G C[t] of degree > 2. 



ALGEBRAIC METHODS IN SUM-PRODUCT PHENOMENA 3 

Definition 2.3. Given a polynomial f(x,y) G M.[x, y], we use deg x (f) to denote the 
degree of / in x variable ( i.e. consider y as a constant). Similarly, denote deg y (/) 
the degree of / in y variable. 

The following theorem is the celebrated Bezout theorem, and the next one is a 
theorem by Y. Stein [9] . 

Theorem 2.4. (Bezout's theorem) Two algebraic curves of degree m andn intersect 
in at most mn points unless they have a common factor. 

Theorem 2.5. (Y. Stein) Given f(x,y) G C[x, y] of degree k. Let cr(f) = {A : 
f(x,y) — A is reducible}. Suppose f(x,y) is not composite, then \o~(f)\ < k. 

We shall need a theorem by Szekely [9], which is a generalization of Szemeredi- 
Trotter incidence theorem in the plane. 

Theorem 2.6. Let P be a finite collection of points inM 2 , and L be a finite collection 
of curves in IR 2 . Suppose that for any two curves in L intersect in at most a points, 
and any two points in P are simultaneously incident to at most {3 curves. Then 

I(P, L) = \{{pl) ePxL:pe£}\< (a 1/2 (3 1/3 \P\ 2/3 \L\ 2 / 3 + \L\ + (3\P\). 

3. MAIN RESULTS 

As discussed in section 1, we will be applying the Szekely 's theorem. Therefore 
we need to take the advantage of the non- degeneracy property of the polynomial to 
construct a bunch of curves which each of them has large intersections with some 
appropriate points set P. In order to apply the Szekely's theorem efficiently, we need 
to control the number of the curves. It turns out that we shall need the following 
theorems. 

Theorem 3.1. Given f(x,y) G M.[x, y] of degree k>2, and assume that deg x (f) > 
degy(f). Suppose there exists distinct a 1; ..,afc2 +1 , and bi, ..,&£2 +1 and a polynomial 

Q(t)=q m t m + q m . 1 t m ~ 1 + ...+q 

so that 

f(x,ai) = Q(x + h) 
for each i. Then f(x,y) = Q(g(x,y)) for some g(x,y), and degQ > 2. 

Proof. First we write f(x, y) = c^x k + • • • + x m (a' k _ m y k ~ m + a! k _ m _ x y k ~ m ~ x + • • • + 
a' ) + x m ~ x (ak- m +iy k ~ m+1 + a k _ m y k ~ m + ■ • • + a ) + h(x, y) , where h(x, y) is the lower 
degree terms in x of f(x,y). By assumptions, for each i we have 

k—m k—m+l 

f(x, a t ) = c k x k + ■■■ + x m (J2 a'hdi) + a ^ + h ( x > a ^ 

h=0 h=0 

which is equal to 

Q(x + b t ) = q m (x + h) rn + g m _x(x + h)™- 1 + ■■■ . 
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We compare the coefficients of the term x m . By our assumption on a^, we first 
conclude that f(x, y) doesn't have x l terms for I > m, and a' h = for h = 1 ~ k — m, 
and a' = q m . We compare the coefficients of the term x m ~ x to get 

k— m+1 

q m mbi + g m _i = ^ a h a i, 

h=0 

which gives h = ^ h=0 + J^jf , for each 1 < % < k 2 + 1. Now given any x G R, 

y-vfc — m+1 h 

f(x Q , y) — Q(x + q m — is a polynomial in y of degree < maxjfc, m(/c — 

m + 1)} < k 2 , but is zero for distinct k 2 + 1 values of a^. Therefore we conclude that 

v— >fc — m + 1 ~,h_ n 

f(x,y) = Q(x + ' ^ — «nizi)_ gj nce we assume deg(/) > 2, we also conclude 
that degQ > 2, otherwise it will contradict the assumption that deg x (f) > deg y (f). 

□ 

Corollary 3.2. Given f(x,y) G R[x, y] of degree k > 2. Suppose deg x (f) > deg 2/ (/), 
and i/iere exzsfe (A; 3 + 1) distinct points S = {(at, h)}^ 1 in the plane such that 

f(x - ai, 6i) = /(x - a 2 , 6 2 ) = • • • = /(x - a fe3+1 , 6 fc s+i). 
Then f is composite. 

Proof. Suppose there are > k 2 + l distinct 6, such that f(x — a 1 ,bi) = f(x — a2,b 2 ) = 
■ ■ ■ = f(x — ai,bi), we then apply theorem 3.1 to get that / is composite. If not, 
there must exist one b G {&« : (a^, b{) G S} such that there are > k + 1 distinct 
so that f(x — ai,b) = f(x — a%, b) = ■ ■ ■ = f(x — ak+i, b). A direction computation 
shows that in this case the only possible is that / is a one variable polynomial in y 
of degree > 2, which is composite. □ 

Remark 3.3. The assumption deg x (f) > deg y (f) is necessary because we might 
have the case f(x,y) = x + y 2 . 

Theorem 3.4. Given non degenerate polynomial f(x,y) of degree k. Then for any 
finite set A CR, one has 

\A + A\\f(A,A)\>\A\ 5 / 2 . 

Before we proceed to prove our main theorem, we observe that our non-degenerate 
polynomial f(x, y) could be Q(g(x, y)) for some Q(t) G R[t] and some non-degenerate 
polynomial g(x,y). In this case, we will work on g(x,y) instead of f(x,y), since we 
are concerned the cardinality and we use a fact that \f(A, A)\ > -^^\g(A, A)\, which 
in turn says that we can assume f(x, y) is not composite. In addition, we can always 
assume the deg x {f) > deg y (f), since again we are concerned \f(A, A)\ ( for example 
if f(x, y) = x + y 2 , we write it as x 2 + y). 

Proof. Given y G R, let f yo (x) = f(x,y ). We first remove the elements b in A such 
that f(x, b) is identically zero. Since / is of degree k, there are at most k elements b 
which make this happen. We now abuse the notation, let A = A — {&!, .., b k }, where 
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f(x, hi) is identically zero. Now given (a, b) G Ax A, let = {(x+a, fb(x)) : x G R}, 
and let L = {l a ^ : a, b G A}. Furthermore for each (a, 6) G A x A, we represent 
^a,fe by {(x + a,T b (x + a) : x E R} = {(x' ,T^ :b) (x')) : x' G R}, where T b (x + a) is 
the Taylor polynomial of f b (x) about a. Let us write TJ^x + a) =X]j=o c ?(- r + a )' ? 

for some Cj and T( ajfe )(x) = X]j=o c i xJ '■ We no ^ e ^ na ^ f° r eacn ( a >^)> ^(a^)^) is 
a polynomial of degree < k. Therefore for any two pairs (a, b), (c,d) <E A x A, if 
T( a ,b) (x) intersects T^d) (x) more than k + 1 points, then T( aj6 ) (x) = (x) . Now 
given (a, 6), (c, d) G A x A, we say (a, 6) ~ (c, d) if and only if T^ a ^(x) = T^ c ^(x). 
This is equivalently saying the Taylor polynomials of f b (x) and fd{x) about a and c 
respectively have the same form, i.e. 

T b (x + a) = c k {x + a) k + c k -i(x + a) fc ~ 1 H h c 

and 

T d (a: + c) = c fe (x + c) fe + c fc _i(x + c)^ 1 + • • • + c . 
First we observe that Ti a ^\{x) = f(x — a, b), we now apply Corollary 3.2 to get that 
each equivalence class has at most k 3 elements. Therefore V = {T( a ,b) (x) : a,b G 
A}/ ~ has at least ^p- equivalence classes. For each equivalence class we choose 

one represented curve, and conclude that there are > ^p- curves, and any two of 
them intersect at most k points. We now show that for most pairs of points in 
P = (A + A) x f(A, A), there are at most k 2 curves from V which are incident 
to them simultaneously. We note that if the curve T( a ,b) incident to some point 
p = (x',y f ) G P, we have f(x' — a,b) = y' . Given any two points pi = (xo,yo),P2 = 
(x'o, y'o) in P = (A+ A) x f(A, A). Consider two algebraic curves f(xo~x, y) — yo — 
and f(x' — x, y) — y' Q = 0. If there is a curve incident to p\ and p 2 simultaneously, 
then there exists a pair (a, b) such that these two algebraic curves intersect at (a, b). 
By Bezout's theorem, there are at most k 2 pairs (a, b) so that 

f(x - a,b) - y = 

and 

f(x' -a,b)-y' = 0, 

unless these two algebraic curves f(x — x, y) — y = and f(x' — x, y) — y' = 
have a common factor, which means 

f(x -x,y)-y = G(x, y)H(x, y), 

and 

f(x' -x,y)-y' = G(x, y)H'(x, y). 

This implies 

f(x, y) - yo = G(x - x, y)H(x -x,y), 

and 

f(x, y)-y' = G(x' - x, y)H'(x' Q -x,y), 

which in turn shows that the y coordinates of the points p 1 and p 2 are from a(f). 
Therefore by Stein's theorem, we conclude that we can remove at most \A + A\k 
points from P = (A + A) x f(A, A), and any pair in the rest of points in P has at 
most k 2 curves incident to them simultaneously. Therefore we let P' = P — {(A + 
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A) x er(/)}, and observe that each curve TLm G V incidents to at least \A\jk points 
in P' . We now apply theorem 2.5 on P' and V to get 



Acknowledgment : The author would like to thank his colleague Tuyen Truong 
and Liangpan Li for some helpful comments. 



[1] J. Bourgain, More on sum-product phenomenon in prime fields and its applications, Int. J. 

Number Theory 1 (2005), 1-32. 
[2] J. Bourgain, The sum-product phenomenon and some of its applications, Analytic number 

theory, 62-74, Cambridge Univ. Press, Cambridge, 2009. 
[3] J. Bourgain, N. Katz, T. Tao, A sum-product estimate in finite fields, and applications, Geom. 

Funct. Anal. 14 (2004), 27-57. 
[4] Gy. Elekes, On the number of sums and products, Acta Arith. 81 (1997), 365-367. 
[5] Gy. Elekes, M. B. Nathanson, I. Z. Ruzsa, Convexity and sumsets, J. Number Theory 83 

(2000), 194-201. 

[6] P. Erdos, E. Szemeredi, On sums and products of integers, Studies in pure mathematics, pages 

213-218, Birkhauser, Basel, 1983. 
[7] D. Hart, Liangpan Li and Ch.-Y Shcn, Fourier analysis and expanding phenomena in finite 

fields, (preprint). 

[8] J. Solymosi, Incidences and the spectra of graphs, Building bridges, Bolyai Soc. Math. Stud., 

19, Springer, Berlin, 2008, 499-513. 
[9] L. Szekcly, Crossing numbers and hard Erdos problems in disrete geometry, Combinatorics, 

Probability and Computing, 63 (1997) 353-358. 
[10] Y. Stein, The total reducibility order of a polynomial in two variables, Israel J. Math. 68 

(1989), no. 1, 109-122. 

[11] V. Vu, Sum-product estimates via directed expanders, Math. Res. Lett. 15 (2008), 375-388. 
Department of Mathematics, Indiana University, Bloomington, IN 47405, USA 




which implies \A + A\\f(A, A)\ > \A\ 5 / 2 . 



□ 



References 



E-mail address: shenc@umail.iu.edu 



